1. The classical problem of the flow of heat by conduction in the plane suggests a corresponding problem in the differential geometry of families of plane curves. With a given flow of heat we associate a family of heat curves: namely, the complete set of co 2 isothermals throughout the flow; one curve for each temperature, for each value of the time. Then the physics of the flow is, at least in part, reflected in the geometry of the family of curves. We studied some simple questions of this geometry in our first paper, especially rectilinear and circular solutions.
Analytically, a flow of heat is described by giving the temperature v as a function of position and time V= p(x, y, t), (1) where the function sp must be a solution of Fourier's equation for the conduction of heat (Pxx + =f or A(o= P.
(2) (We may assume that the coefficient ot, , o g is unity by changing the unit of time, if necessary.) Then (1) is also the equation of the corresponding family of heat curves, if we think of v and t as parameters. Heat families, then, are a class of two-parameter families of plane curves. In general they therefore contain X 2distinct curves. But in certain cases the two parameters may combine so as to amount to just a single essential parameter. Then, there are only co1 curves, and the heat family is degenerate. Instead of varying with the time, the same c I curves serve as the lines of constant temperature all through the flow (though of course the temperature attached to a particular curve may change with the time).
For instance, degeneracy must occur when t is actually absent from so, that is, in the case of steady flow. In fact (1) In the real domain the third type divides into two distinct cases, III,: Ag = +g, and III2: Ag = -g. We have then more accurately four types in all, namely, I, II, III1 and II12.
It is obvious that the equation Ag = -1 is equivalent in the real domain to Ag = + 1; hence type II requires no subdivision. On the other hand to reduce Ag = -g to Ag = +g one would have to replace x, y by ix, iy.
2. Proofs.-Assuming that so is analytic in t, we can find the general solution of (2) explicitly in the form
where f(x, y) is an arbitrary function.2 The condition for (1) to represent only coI curves can be stated in this way: x and y must be separable from t within so; that is, (p(x, y, t) = a function of u and t, (6) where u is some function of x and y.
It follows that each coefficient of (5) must separately be a function of u alone. It is no restriction to take f(x, y) as equal to u. Hence f(x,y) is to be determined by the infinite set of conditions
The function s will then be found by substituting f into (5). The heat curves will be the one-parameter system f(x, y) = const. (8) From (71) we obtain by differentiation
Supposing first that F" -0, we must have, according to (72), f: + Jy = a function of f.
But this is exactly the condition-for (8) This property (15), since it involves first derivatives of curvatures, is geometrically of the third order. In can easily be restated in terms of osculating parabolas, or centers of curvature of evolutes. I have given another characterization, in terms of isogonal trajectories, in Math. Annalen, vol. 59, p. 352-354 (1904 Vibrating Systems under Transient Impulse.-The following theory gives a method of evaluating the action of very random impulses on vibrating systems (i.e., effect of static on radio-circuits or earthquakes on buildings). In the following text, we will use the language of mechanics. Consider a one-dimensional continuous elastic system without damping. The free oscillations are given by the solutions of the homogeneous integral equation' rb y = o2 f p(Q)a(xt)y(Q)dS.
Due to the nature of the kernel there exists an infinite number of characteristic values wi of w and of characteristic functions yi solutions of this equation. These functions give the shape of the free oscillations of the system. They are orthogonal and have an arbitrary amplitude. This amplitude may be fixed by the condition of normalization, rb f p(Q)yi2()d = 1.
We now suppose that certain external forces f(x) are acting on the system,
